Abstract. We study an example of instability in presence of a multiplicative noise, namely the spontaneous generation of a magnetic field in a turbulent medium. This so-called turbulent dynamo problem remains challenging, experimentally and theoretically. In this field, the prevailing theory is the Mean-Field Dynamo
oscillatory bursts (corresponding to a signal with a vanishing mean but a most probable value equal to zero) appear first when the control parameter is increased and are then replaced by a state where the most probable value is no more equal to zero. On the contrary, in the subcritical case, there is coexistence between these two states. This illustrates a central difficulty of instability in presence of multiplicative noise associated with an ambiguity regarding the threshold value, which depends on the definition of the order parameter [5] .
The observations and techniques developed in these simple systems may be used to shed new light on some recent issues associated with the dynamo effect, the process of magnetic field generation through the movement of an electrically conducting medium. In this case, the instability results from a competition between amplification of a seed magnetic field via stretching and folding, and magnetic field damping through diffusion. In a laminar fluid, it is controlled by a dimensionless number, the magnetic Reynolds number (Rm), which must exceed some critical value Rm c for the instability to operate. In a turbulent medium, velocity fluctuations induce fluctuation of the control parameter, making the turbulent dynamo problem similar to an instability in the presence of multiplicative noise. In that respect, recent numerical findings such as observed in [6] may find a natural explanation. In their work, the authors observed short intermittent bursts of magnetic activity separated by relatively long periods, increasing towards the bifurcation threshold. This feature could be explained in terms of a supercritical instability in presence of multiplicative noise since in this case, the bifurcated state is generally composed of oscillatory bursts.
More generally, the multiplicative noise paradigm could turn useful to interprete the outcome of recent experiments involving liquid metals. Among the various operating experiments, a clear distinction appears between set up with constrained or unconstrained geometry. In the former case [7] , the fluctuation level is very weak. The velocity field is then very close to its laminar (mean) value. In these experiments, dynamos have been observed, at critical magnetic Reynolds number comparable to the theoretical value. In contrast, unconstrained experiments [8] are characterized by a large fluctuation level (as high as 50 per cent). A surrogate laminar Rm c can then be computed, using the mean velocity field as an input [9] but it is not clear whether it will correspond to the actual dynamo threshold, owing to the influence of turbulent fluctuations.
In this paper, we investigate this issue by techniques developed to study the Duffing oscillator and using a stochastic description of small-scale turbulent motions. This subject has been pioneered by Kazantsev [10] , Parker [11] and Kraichnan [12] , and further developed by the Russian school [13] . It has recently been the subject of a renewed interest, in the framework of anomalous scaling and intermittency [14] , or computation of turbulent transport coefficients and probability density functions (PDF) [15] .
The dynamic of the magnetic field B in an infinite conducting medium of diffusivity η and velocity V, is governed by the induction equation:
with control parameter built using typical velocity and scale as Rm = LV /η. We decompose the velocity field into a mean partV i and a fluctuating part v i . In most laboratory experiments, the mean part is provided by the forcing. As such, it is generally composed of large scales, while the fluctuating part collects all short time scale, small-scale movements. In this regard, it is natural to consider the fluctuating part of the velocity as a noise, to be prescribed or computed in a physically plausible manner.
The simplest, most widely used shape is the Gaussian, delta-correlated fluctuations, the so-called "Kraichnan's ensemble":
Equation ( 
In the sequel, we show that this choice provides some sort of saturation for the moments of various order, similar to the role of a viscosity. Damping of magnetic field fluctuations, however, is not properly taken account by this model.
Using standard techniques [19, 15] , one can then derive the evolution equation for P (B, x, t), the probability of having the field B at point x and time t (we assume an homogeneous turbulence for simplicity):
with the following turbulent tensors:
and
The physical meaning of these tensors can be found by analogy with the "Mean-Field Dynamo theory" [1, 20] .
Indeed, consider the equation for the evolution of the mean field, obtained by multiplication of equation (3) by B i and integration: 
where the coefficients are given by averages over the position and the angular variables • φ = • G(e, x) dxde: a = µ ijkl e i e j e k e l φ (7) b = ∂ kVi e i e k φ + µ ijkl (∆ ik e j e l + ∆ kj e i e l ) φ where we used ∆ ij = ∂ ni (n j ) = δ ij − e i e j an "angular Dirac tensor". One can notice that these coefficients only explicitly involve the tensor µ. Nevertheless, one must keep in mind that the tensor α and β enter these expressions by mean of the angular distribution G(e i , x), whose expression involves this two tensors in the general case.
An obvious stationary solution of (6) is a Dirac function, representing a solution with vanishing magnetic field.
Another stationary solution can be found by setting ∂ t P = 0 in (6), with solution:
where Z is a normalization constant. This solution can represent a meaningful probability density function only if it can be normalized. This remark provides us with a bifurcation threshold: there is dynamo whenever (8) is integrable, i.e., when solution other than vanishing magnetic field are possible.
Condition of integrability at infinity of (8) It is now interesting to discuss qualitatively the meaning of our main result (9) . It is possible to show that for isotropic or axisymmetric velocity fluctuations, the coefficient a is positive. So we suspect that the main condition for existence of a dynamo is positivity of b. Therefore, in the limit of zero noise, the term proportional to µ is negligible and the dynamo threshold is only determined by the condition ∂ kVi e i e k φ > 0. Since the magnetic field will mainly grow in the direction given by the largest eigenvalue of S ij = ∂ jVi and that the molecular diffusivity will tend to orientate the magnetic field along contracting direction, the dynamo threshold will be the same as 
.). Work is under
progress to determine the angular measure in these simple cases. It is however interesting to note that this measure explicitly involves the tensors α and β defined in (4) and appearing in the Mean Field Equations (5) . In that sense, the dynamo threshold depends on these tensors, albeit in a less explicit way than in the Mean Field Equations (MFE).
It would therefore be interesting to confront threshold derived from (MFE), which are µ independent, and from our theory, to see what kind of error in the threshold determination one can expect by using MFE instead of the true, non-perturbative theory.
